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Geometry and integrability in N = 8 supersymmetric mechanics
Sergey Krivonos,1, ∗ Armen Nersessian,2, 3, 1, † and Hovhannes Shmavonyan2, ‡
1Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia
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We construct theN = 8 supersymmetric mechanics with potential term whose configuration space is
the special Ka¨hler manifold of rigid type and show that it can be viewed as the Ka¨hler counterpart
of N = 4 mechanics related to “curved WDVV equations”. Then, we consider the special case
of the supersymmetric mechanics with the non-zero potential term defined on the family of U(1)-
invariant one-(complex)dimensional special Ka¨hler metrics. The bosonic parts of these systems
include superintegrable deformations of perturbed two-dimensional oscillator and Coulomb systems.
I. INTRODUCTION
The construction of N -extended supersymmetric mechanics has remained one of the main directions of supersym-
metric community since the introduction of the concept of supersymmetry. Nevertheless, until now there has been no
regular way to find the N > 2 supersymmetric extensions of the given mechanical systems. The traditional way to
increase the number of supersymmetries (without exceeding the number of fermionic degrees of freedom) is to provide
the configuration space with the complex structure(s)(with appropriate specification of the potential term), i.e. to
restrict the configuration space to Ka¨hler, hyper-Ka¨hler or quaternionic manifold. Say, on the generic N -dimensional
Riemann manifold one can always construct the N = 2 supersymmetric mechanics with (N |2N) (i.e. N bosonic
and 2N fermionic) degrees of freedom; requiring that configuration space be generic N -(complex)dimensional Ka¨hler
manifold and properly specifying the potential, we can construct the N = 4 supersymmetric mechanics with (N |2N)
(complex) degrees of freedom. The bosonic part of these Hamiltonians reads
H(2) =
1
2
gij(x) (pipj + ∂iW (x)∂jW (x)) −→ H(4) = 1
2
ga¯b(z, z¯)
(
π¯aπb + ∂¯aU¯(z¯)∂bU(z)
)
, (1.1)
with (pi, x
i) , (πa, z
a) being canonically conjugated pairs and gij(x) and ga¯b being the inverse Riemann and Ka¨hler
metrics, respectively.
Another way to increase the number of supersymmetries (above N = 2 supersymmetry) is the doubling of fermionic
degrees of freedom, supplied with introducing of additional geometric objects. Say, to construct the N = 4 super-
symmetric extension of free-particle system on generic configuration space we have to double the number of fermionic
degrees of freedom from 2N to 4N and introduce the third-rank symmetric tensor Fijk(x)dx
idxjdxk which satisfies
the curved WDVV equations [1]
Fkmj;i = Fkmi;j , Fjkpg
pqFimq − FikpgpqFjmq = Rijkm, (1.2)
where Rijkl are the components of Riemann tensor of (M0, gijdx
idxj), and the subscript ; denotes covariant derivative
with Levi-Civita connection.
Similarly, to construct the N = 8 supersymmetric extension of free-particle system on Ka¨hler manifold we have
to increase the number of the (real) fermionic variables from 4N to 8N and introduce the third-rank holomorphic
symmetric tensor fabc(z)dz
adzbdzc which satisfies the equations [2]
fabc;d = fabd;c , Rab¯cd¯ = −facege¯
′ef¯e¯′b¯d¯, (1.3)
where fabc;d = fabc,d−Γeadfebc−Γebdfeac−Γecdfeab, and Rab¯cd¯, Γabc are the non-zero components of the Riemann tensor
and Levi-Civita connection which are defined by the relations
Γabc = g
ad¯gbd¯,c, Rab¯cd¯ = gnb¯ (Γ
n
ac) ,d¯. (1.4)
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2These manifolds are known as the special Ka¨hler manifolds of the rigid type [3] and they have been extensively studied
since their introduction within the context of Seiberg-Witten duality [4]. The similarity between these systems has
been not noticed before.
In this paper we show that this similarity holds for the supersymmetric mechanics with the potential term as
well. Namely, after reviewing the main properties of N = 4 supersymmetric mechanics connected with the solution of
modified WDVV equations [1, 5, 6](Section 2), we construct on the special Ka¨hler manifold of the rigid type, the N = 8
supersymmetric mechanics with potential term (Section 3). We find that for the doubling of the supersymmetries the
prepotentials W (x), U(z) in the bosonic Hamiltonians (1.1) should satisfy the following equations
Wi;j + Fijkg
kmWm = 0, Ua;b − fabcgd¯cU d¯ = 0. (1.5)
Finally, we present in the Section 3 the general solution of the one-(complex)dimensional U(1)-symmetric special
Ka¨hler manifold and find the admissible set of potentials for N = 8 supersymmetric mechanics. The bosonic parts
of these supersymmetric mechanics include the superintegrable perturbations of deformed two-dimensional oscillator
and Coulomb system suggested in [7, 8].
II. N = 4 MECHANICS ON RIEMANN MANIFOLDS
In order to construct the N = 4 supersymmetric mechanics on N -dimensional Riemannian manifold
(M0, gij(x)dx
idxj) we extend the cotangent bundle (T ∗M0, dpi ∧ dxi by 4N fermionic variables ψiα, ψ¯jβ =
(
ψβj
)†
,
with su(2) indices α, β = 1, 2 which are raised and lowered as follows: Aα = ǫαβA
β , Aα = ǫαβAβ with ǫ12 = ǫ
21 = 1,
and then define the following transition maps from one chart to the other
x˜i = x˜i(x), p˜i =
∂xj
∂x˜i
pj, ψ˜
ia =
∂x˜i(x)
∂xj
ψja. (2.1)
Then we equip this supermanifold with the supersymplectic structure which is manifestly invariant with respect to
(2.1)
Ω = dpi ∧ dxi + id
(
ψiαgijDψ¯
j
α − ψ¯iαgijDψjα
)
= dpi ∧ dxi + iRijklψiαψ¯jαdxk ∧ dxl + 2igijDψiα ∧Dψ¯jα, (2.2)
where Dψiα ≡ dψiα +Γijkψjαdxk, α = 1, 2 and Γijk, Rijkl are the components of the connection and curvature of the
metric gij(x)dx
idxj .
The Poisson brackets corresponding to this (super)symplectic structure, are defined by the following nonzero rela-
tions {
pj , x
i
}
= δij ,
{
pi, ψ
jα
}
= −Γjikψkα,
{
pi, pj
}
= 2iRijkmψ
kαψ¯
m
α ,
{
ψiα, ψ¯
j
β
}
= − i
2
δαβ g
ij . (2.3)
Our goal is to construct the supercharges Qα, Qβ , and the Hamiltonian H which obey the N = 4, d = 1 Poincare´
superalgebra {
Qα, Qβ
}
= − i
2
δαβH, ,
{
Qα, Qβ
}
=
{
Qα, Qβ
}
= 0. (2.4)
To this end, following [1], we firstly equip the Riemann manifold (M0, gij(x)dx
idxj) with the third-rank symmetric
tensor Fijk(x)dx
idxjdxk which obeys the equations (1.2).
The first equation in (1.2) defines the well-known Codazzi tensor, while the second equation could be viewed as a
generalization of Witten-Dijkgraaf-Verlinde-Verlinde equation [9] to Riemann manifolds, and was referred as curved
WDVV equation in [1, 5, 6].
To construct the supersymmetric mechanics with nontrivial potential we should define on
(M0, gijdx
idxj , Fijk(x)dx
idxjdxk) the closed one-form obeying the following compatibility condition
W (1) =Wi(x)dx
i : dW (1) = 0, Wi;j + Fijkg
kmWm = 0. (2.5)
Clearly, it can be locally presented as an exact one-formW (1) = dW (x), with the locally defined function W (x) called
“prepotential”.
3With these objects at hands we can construct the N = 4 supersymmetric mechanics defined by the following
supercharges and Hamiltonian [5]
Qα = pi ψ
iα + iWi ψ
iα + iFijk ψ
iβ ψjβ ψ¯
kα, Qα = pi ψ¯
i
α − iWi ψ¯iα + iFijk ψ¯iβ ψ¯jβ ψkα , (2.6)
H = gijpipj + gijWiWj + 4Wi;jψiαψ¯αj − 4
[
Fkmj;i +Rimjk
]
ψiαψ¯α
m ψjβψ¯β
k (2.7)
It follows from (1.2) that there exists the special coordinate frame where the metrics (and, respectively, Christoffel
symbols and Riemann tensor) takes the form [6]
gij =
∂2A
∂xi∂xj
: Γijk =
1
2
∂3A(x)
∂xi∂xj∂xk
, Rijkm = Γimpg
pqΓqjk − ΓikpgpqΓqjm. (2.8)
From the last equation it becomes clear that the choice Fijk = ±Γijk solves curved WDVV equations (1.2). Then,
solving the equations (2.5) we get the two sets of solutions(
Fijk = −Γijk, W =
∑
i
ci
∂A
∂xi
)
,
(
Fijk = Γijk, W =
∑
i
cix
i
)
, with ci = const. (2.9)
The first solution is the one obtained in [10]. The second solution could be transformed to the first one by the Legendre
transformation
xi → ui = ∂iA(x), A(x)→ A˜(u) = (uixi −A(x))|ui=∂iA(x). (2.10)
In this coordinate frame the system (2.6),(2.7) coincides with N -dimensional N = 4 supersymmetric mechanics con-
structed by using the N scalar supermultiplets [10] (the respective system with single supermultiplet was investigated
in [11]).
However, in many cases it is more convenient to solve the equations (1.2),(2.5) in other frames. Below we will
exemplify this by presenting their solutions on so(N)-invariant special Riemann manifolds.
SO(N)-invariant Riemann manifolds
Let us consider curved WDVV and potential equations (1.2), (2.5) on isotropic (so(N)-invariant) spaces with the
metric represented in conformal flat form
gijdx
idxj =
N∑
i=1
g(r)dxidxi, where r2 =
N∑
i=1
xixi. (2.11)
Let us show that these manifolds always admit nontrivial solutions.
Indeed, let F(0)ijk(x) and W(0)(x) be the solutions of the WDVV and potential equations on the Euclidian space
which obey some additional condition
F(0)ikpF(0)pjm = F(0)jkpF(0)pim, ∂i∂jW(0) + F(0)ijk∂kW(0) = 0, (2.12)
with
N∑
i=1
xiF(0)ijk = δjk,
N∑
i=1
xi∂iW(0) = α0, (2.13)
where F(0)ijk =
∂3F(0)
∂xi∂xj∂xk
and α0 is some constant. The variety of pairs (F(0),W(0)) obeying these equations was
presented in [12].
These flat solutions can be lifted to the solutions of curved WDVV and potential equations on isotropic spaces as
follows (we use here the notation which slightly differs from that in [1, 5])
F σκ|ijk = g(r)
(
F(0)ijk + Γ(r)
δijx
k + δjkx
i + δikx
j
r2
−A(r)x
ixjxk
r4
)
, (2.14)
where
Γ(r) =
r
2
d log g
dr
, A(r) = 2Γ− rΓ
′/2
Γ + 1
. (2.15)
4Corresponding solution of curved potential equation and the respective Hamiltonian are given by the expressions
W =W(0) − α0
∫
Γ
1 + Γ
dr
r
, ⇒ H = g−1(r)
N∑
i=1
(
pipi +W(0)iW(0)i
)− 2α20
rg(r)
(
1− 1
(1 + Γ)2
)
. (2.16)
Note that the ”curved” counterpart of the initial Hamiltonian yields an additional potential term with coupling
constant α20. In the particular case of sphere and two-sheet hyperboloid (pseudosphere), when g = (1 + ǫr
2)−2
(with ǫ = 1 corresponding to the sphere and ǫ = −1 to the pseudosphere), it coincides with the potential of the
superintegrable (pseudo)spherical generalization of harmonic oscillator known as Higgs oscillator [13].
Thus, with the specific choice of initial prepotentialW(0)(x) we can constructN = 4 supersymmetric superintegrable
deformations of Higgs oscillator. For example, the choice W(0) =
∑N
i=1 αi log x
i, F(0) =
1
2
∑N
i=1(x
i)2 log xi, yields
superintegrable (pseudo)spherical deformation of N -dimensional oscillator with extra centrifugal terms (which is also
known as Rosochatius system) with additional restriction to the oscillator frequency [5]
HRos = (1 + ǫr
2)2
(
N∑
i=1
p2i +
∑
i
α2i
xi2
+ ǫ
4 (
∑
i αi)
2
(1− ǫr2)2
)
. (2.17)
Taking the solutions of (2.12) corresponding to the three-particle rational Calogero model [14], we will get the following
(pseudo)spherical Hamiltonian
H3Calogero =
(
1 + ǫr2
)2 3∑
i=1
p2i +
3∑
i>j=1
2g2
(xi − xj)2 + ǫ
36g2
(1− ǫr2)2
 . (2.18)
It is a particular case of superintegrable (pseudo)spherical Calogero-Higgs oscillator [15].
III. N = 8 MECHANICS ON SPECIAL KA¨HLER MANIFOLDS
In this Section we generalize the system presented in [2], and construct, on the special Ka¨hler manifolds of the rigid
type, the (N |4N)-(complex)dimensional mechanics with potential term, which possesses the N = 8 supersymmetry
{Qiα, Qjβ} =
{
Qiα, Qjβ
}
= 0,
{
Qiα, Qjβ
}
= −i ǫijǫαβH. (3.1)
For this purpose we define the (2N |4N)C-dimensional phase superspace equipped by the supersymplectic structure
Ω = dπa ∧ dza + dπ¯a¯ ∧ dz¯a −Rab¯cd¯ηciαη¯d|iαdza ∧ dz¯b + gab¯Dηaiα ∧Dη¯b|iα, Dηaiα = dηaiα + Γabcηbiαdzc, (3.2)
with fermionic variables ηaiα and η¯
a¯
iα related as follows (η
a
iα)
†
= η¯a¯iα. Here α, i = 1, 2 are su(2) indices which are
raised and lowered as follows: Aα = ǫαβA
β , Aα = ǫαβAβ , Ai = ǫijA
j , Ai = ǫijAj ,with ǫ12 = ǫ
21 = 1.
This supersymplectic structure is manifestly invariant under the coordinate transformation
z˜a = z˜a(z), π˜a =
∂zb
∂z˜a
πb, η˜
a
iα =
∂z˜a
∂zb
ηbiα, (3.3)
i.e. ηaiα transforms as dz
a.
The Poisson brackets corresponding to (3.2) are defined by the relations{
πa, z
b
}
= δba,
{
πa, η
b
iα
}
= −Γbac ηciα, {πa, π¯b¯} = iRab¯cd¯ ηciαη¯d¯iα,
{
ηaiα, η¯
bjβ
}
= −igab¯ δji δβα . (3.4)
For the construction of supersymmetric mechanics with nonzero potential we have to equip the Ka¨hler manifold by
the closed holomorphic one-form
U (1) = Ua(z)dz
a , Ua =
∂U(z)
∂za
, (3.5)
where U(z) is a locally defined holomorphic function which is called “prepotential”.
5With these ingredients at hand we can construct the N = 8 supersymmetric mechanics with potential term. Having
in mind the structure of supercharges of the N = 4 supersymmetric mechanics on generic Ka¨hler manifold [17], and
of the the N = 8 supersymmetric mechanics (without potential term) on special Ka¨hler manifolds [2], we choose the
following anzats for supercharges:
Qiα = πaη
a
iα + U a¯ Tα
β η¯a¯iβ +
i
3
f¯a¯b¯c¯ η¯
a¯
iβ η¯
b¯jβ η¯c¯jα, Qiα = π¯a¯ η¯
a¯
iα − Ua Tαγηaiγ +
i
3
fabc η
a
iβη
bjβηcjα, (3.6)
where the matrix T βα collects the parameters which control the explicit breaking of the su(2) symmetry realized on
the Greek indices, and, without loss of generality, is parameterized by the two angle-like parameters α0, β0
T βα =
(
cosα0 e
iβ0 sinα0
e−iβ0 sinα0 − cosα0
)
. (3.7)
One should stress that it is impossible to introduce the interaction which preserved both su(2) symmetries (realized
on the Greek and Latin indices from the middle of alphabet (i, j, k)). However the simultaneous breaking of both
these symmetries results in the appearance of the central charges in the super Poincare´ algebra [18].
The components of (anti)holomorphic symmetric tensors fabc(z) and f¯ a¯b¯c¯(z¯) have to obey the constraints (1.3),
and Ua and U a¯ were defined in (3.5).
Then, taking their Poisson brackets we find that these supercharges span the N = 8 Poincare´ superalgebra (3.1) if
Ua and U a¯ obey the equations
Ua;b − fabcgd¯cU d¯ = 0. (3.8)
with Ua;b = Ua,b − ΓcabUc. In such a case, the Hamiltonian reads
H = gab¯(πaπ¯b¯ + UaU b¯)−
i
2
Uag
ae¯f¯e¯b¯c¯η¯
b¯α
i Tα
β η¯c¯iβ −
i
2
U¯a¯g
a¯efebcη
bα
i Tα
βηciβ −
1
12
fabc;dη
a iρηbiγη
c jγηdjρ −
1
12
f¯a¯b¯c¯;d¯η¯
a¯ iρη¯b¯iγ η¯
c¯ jγ η¯d¯jρ −
1
4
fabeg
e¯′ef¯e¯′ c¯d¯
(
ηaiαη
b
iβ η¯
c¯jα η¯d¯βj + η
aα
i η
b
jαη¯
c¯jβ η¯d¯iβ
)
.(3.9)
The equations (1.3) can be expressed in the distinguished coordinate frame via single holomorphic function
(“Seiberg-Witten potential”) F(z) (see, e.g. [3])
gab¯ = Re ∂a∂bF(z), Γa¯bc = ∂a∂b∂cF(z), ⇒ fabc = Γa¯bc. (3.10)
In this coordinate frame the equation (3.8) looks as follows
∂a∂bU −
(
∂dU + ∂d¯U
)
gd¯c∂a∂b∂cF = 0 (3.11)
From this equation we immediately get the following solution
U(z) =
N∑
a=1
(ma∂aF(z) + inaza) , (3.12)
with ma, na being real constants.
The bosonic part of constructed N = 8 supersymmetric mechanics respects “T-duality” transformation, which is
the complex counterpart of Legendre transformation (2.10)
za → ua = ∂aF , F(z)→ F˜(u) = (zaua −F(z)) |ua=∂aF . (3.13)
For the potential it reads
U(z) =
N∑
a=1
ma∂aF(z) + inaza, → U(u) =
N∑
a=1
maua + ina∂
aF˜(u) (3.14)
The extension of duality transformation to the whole phase superspace is as follows
(za, πa, η
a
iα)→ (ua, pa, ξaiα), where ua = ∂aF(z), pa
∂2F
∂za∂zb
= −πb, θa iα = ∂
2F
∂za∂zb
ξbiα. (3.15)
6Looking back at the presented model of N = 8 supersymmetric mechanics we can observe many similarities with
N = 4 supersymmetric mechanics described in the previous Section, which prompts us to consider it as a complex
counterpart of the latter one. In particular, the notion of ”special Ka¨hler manifold of the rigid type” (1.3) can be
viewed as the complex analog of curved WDVV equations (1.2), and as well as the restriction on the prepotential U(z)
can be viewed as a complex counterpart of those to the real one (1.5). In both cases there exist special coordinate
frames where the metrics and the respective third-rank tensors are expressed via single function, cf. (2.8) and (3.10).
Further visible similarities can be noticed comparing (3.12) and (2.9).
However, the requirement of “special Ka¨hleriality” (1.3) is more restrictive than (1.2). Say, special Ka¨hler manifold
of the rigid type necessarily has a negative curvature, while “curved WDVV equations” does not yield such restriction;
“curved WDVV equations” admit the nontrivial solutions on the generic so(N)-invariant Riemann manifolds (includ-
ing N -dimensional spheres and hyperboloids). In contrast to this, complex projective spaces (and their non-compact
counterparts) cannot be equipped by the structure of special Ka¨hler manifold. Moreover, it seems that special Ka¨hler
metrics could possess the U(N) isometry only in the simplest case N = 1 to be considered in the next Section.
IV. TWO-DIMENSIONAL SYSTEMS
In this Section we construct the one-(complex)dimensional special Ka¨hler manifolds which is invariant under U(1)-
transformation z → eiλz, and then find the potentials admitting N = 8 supersymmetric extension.
Choosing the metric g to be the function of zz¯ only, i.e. putting g = g(zz¯)dzdz¯ one may explicitly solve the second
equation in (1.3) as
g(zz¯)dzdz¯ = (c1(zz¯)
n1 + c2(zz¯)
n2) dzdz¯, f(z)[dz]3 =
√−c1c2(n1 − n2)zn1+n2−1[dz]3, c1c2 < 0. (4.16)
Corresponding Ka¨hler potential reads
K(z, z¯) =
c1(zz¯)
n1+1
(n1 + 1) 2
+
c2(zz¯)
n2+1
(n2 + 1)
2 (4.17)
Then, performing transformation
√
c1
n1+1
zn1+1 → z, we can simplify these structures as follow
ds2 = (1− κ2(zz¯)m)dzdz¯, f(z)[dz]3 = κmzm−1 [dz]3, with |z| ∈ [0, κ−1/m). (4.18)
The Christoffel symbol and the Riemann curvature are
Γ111 = −
κ2mzm−1z¯m
1− κ2(zz¯)m , R11¯11¯ = −
κ2m2 (zz¯)m−1
1− κ2(zz¯)m . (4.19)
For this special case the potential equation (3.8) takes the form
U ′′ +
κ2mzm−1z¯m
1− κ2 (zz¯)m U
′ − κmz
m−1
1− κ2 (zz¯)m U¯
′ = 0. (4.20)
Then we obtain
dU¯(z¯)
dz
=
d
dz
(1− κ2 (zz¯)m
κmzm−1
U ′′(z) + κ z¯m U ′(z)
)
= 0, (4.21)
From this equation we immediately get the solution
U ′(z) = κazm + a¯ (4.22)
with a being an arbitrary complex constant.
Thus, the one-(complex)dimensional N = 8 supersymmetric mechanics is defined by the following bosonic Hamil-
tonian
Hκ,m,a =
ππ¯ + |κazm + a¯|2
1− κ2(zz¯)m , with {π, z}0 = {π¯, z¯}0 = 1, {π, π¯}0 = {z, z¯}0 = 0. (4.23)
7The presence of nonzero potential breaks the kinematical U(1)- symmetry z → eiλz, π→ eiλπ. But in the free particle
case a = 0 the hamiltonian becomes manifestly invariant under this transformation and thus defines the integrable
system
Hκ,m,0 =
ππ¯
1− κ2(zz¯)m J = i (zπ − z¯π¯) : {H0, J}0 = 0 (4.24)
where J is the generator of U(1)-symmetry.
However, for the specific values of m the system could have the hidden symmetries. The simplest example corre-
sponds to the m = −2 case.
• m = −2
In this case the Hamiltonian (4.23) admits the separation of variables in the polar coordinates
z = reiϕ, π =
e−iϕ
2
(
pr − ipϕ
r
)
: Hκ,−2,a =
p2r + |a|2(1 + κ
2
r4 )
4(1− κ2r2 )
+ κ
p2ϕ + κ|a|2 cos(ϕ + arg a)
4(r2 − κ2) . (4.25)
which allows immediately find the quadratic constant of motion
Hκ,−2,a =
ππ¯ + |κaz−2 + a¯|2
1− κ2|z|2
, I = p2ϕ + 2κ|a|2 cos(ϕ+ arg a) = (zπ − z¯π¯)2 − 4κ
a¯2z2 + a2z¯2
zz¯
. (4.26)
To find additional values of the parameter m leading to the (super)integrable systems, one has to do the following.
Fixing the energy surface of the Hamiltonian (4.23) one may re-write it as
ππ¯ + κ2(|a|2 + Eκ,m,a)|z|2m + κa2zm + κa¯2z¯m = Eκ,m,a − |a|2 (4.27)
From this expression we immediately deduce that form = 1 it coincides with the energy surface of the two-dimensional
oscillator interacting with linear electric field which could be absorbed by the trivial sift of complex coordinate z, while
for the m = −1/2 it can be easily transform to the m = 1 case by the Bohlin-Levi-Civita transformation z = z˜2 which
relates the energy surfaces of two-dimensional oscillator and Coulomb problem. Hence, for the particular values of
m = 1,−1/2 the Hamiltonian (4.23) possesses two functionally independent constants of motion and hence becomes
superintegrable. Let us consider these cases in the full details.
• m = 1
In this particular case the Hamiltonian (4.23) takes a form
Hκ,1,a =
ππ¯ + |κaz + a¯|2
1− κ2|z|2 . (4.28)
It possesses the hidden symmetry given by the deformed U(1)-generator J presented in (4.24)
Jκ,1 = i
[(
z +
a¯2
κ (|a|2 +Hκ,1,a)
)
π −
(
z¯ +
a2
κ (|a|2 +Hκ,1,a)
)
π¯
]
(4.29)
and by the complex constant of motion
Fκ = π
2 + κ2
(|a|2 +Hκ,1,a)(z¯ + a2
κ (|a|2 +Hκ,1,a)
)2
, (4.30)
which can be interpreted as a deformation of the so-called Fradkin tensor written in complex coordinates
z = (x1 + ix2)/
√
2 and conjugated momentum.
They form the nonlinear algebra
{Jκ,1, Fκ} = 2iF,
{
Jκ,1, F¯κ
}
= −2iF¯κ,
{
Fκ, F¯κ
}
= 4iκ2
(|a|2 +Hκ,1,a) Jκ,1. (4.31)
For emphasizing the relation of this system with oscillator, let us re-write the Hamiltonian (4.28) it as follows
Hκ,1,a = H
κ
osc +
|ω|2
2κ2
, Hκosc =
ππ¯ + |ω|2zz¯ + E¯z + Ez¯
1− κ2(zz¯) , ω :=
√
2κ|a|, E := κa¯2. (4.32)
8The function in numerator can be interpreted as a two-dimensional isotropic oscillator with the frequency |ω|
interacting with electric field E = (E1, E2) with E = (E1 + iE2)/2. The parameters κ, a can be expressed via
ω,E as follows
κ =
1
2
|ω|2
|E| , a =
√
2e−i
argE
2
|E|
|ω| . (4.33)
• m = −1/2
In this case the Hamiltonian (4.23) acquires the form
Hκ,−1/2,a =
ππ¯ + |κa 1√
z
+ a¯|2
1− κ2|z|
. (4.34)
It possesses the hidden symmetry given by the deformed U(1)-generator Jκ,−1/2
Jκ,−1/2 = 2i
[(
z − κa
2
√
z
Hκ,−1/2,a − |a|2
)
π −
(
z¯ − κa¯
2
√
z¯
Hκ,−1/2,a − |a|2
)
π¯
]
, (4.35)
and by the complex constant of motion being the deformation of two-dimensional Runge-Lenz vector A =
(A1, A2) with Aκ = (A1 + iA2)/2:
Aκ = zπ
2 − (Hκ,−1/2,a − |a|2)(√z¯ − κa¯2
Hκ,−1/2,a − |a|2
)2
. (4.36)
They form the non linear algebra{
Jκ,−1/2, Aκ
}
= 2iAκ,
{
Jκ,−1/2, A¯κ
}
= −2iA¯κ,
{
Aκ, A¯κ
}
= −i (Hκ,−1/2,a − |a|2) Jκ,−1/2. (4.37)
The Hamiltonian (4.34) can be interpreted as a deformation of the two-dimensional Coulomb problemperturbed
by the potential δV = k
(
a2√
z
+ a¯
2√
z¯
)
.
The bosonic Hamiltonian H (4.23) possesses the following duality transformation:
Hκ,m,a =
ππ¯ + |κazm + a¯|2
1− κ2|z|m = −
π˜ ¯˜π + |κ˜a˜]z˜m˜ +¯˜a|2
1− κ˜2|z˜|m˜ = −Hκ˜,m˜,a˜, (4.38)
where the variables are related as
z =
κ˜z˜m˜+1
m˜+ 1
, π =
π˜
κ˜z˜m˜
, (4.39)
and the following constraints on the parameters are imposed
(m+ 1)(m˜+ 1) = 1, κκ˜m+1 = |m˜+ 1|m, a˜ = a¯. (4.40)
To be self-consistence, the transformations (4.39) should be supplied by the changing of the admitted values of the
coordinates
From |z| ∈ [0, κ−1/m) to |z˜| ∈ [κ˜−1/m˜,∞). (4.41)
Explicitly, the supercharges of the N = 8 supersymmetric extensions of the presented bosonic systems read
Qiα = πηiα + (κa¯z¯
m + a)T βα η¯iβ +
i
3
κmz¯m−1η¯iβ η¯jβ η¯jα,
while the Hamiltonian has the form
Hκ,m,a = ππ¯ + |κaz
m + a¯|2
1− κ2(zz¯)m + i
mκzm−1(a+ κa¯z¯m)
2(1− κ2(zz¯)m) η
α
i T
β
α η
i
β − i
mκz¯m−1(a¯+ κazm)
2(1− κ2(zz¯)m) η¯
α
i T
β
α η¯
i
β −
κm
m− 1 + κ2(1 + 2m)(zz¯)m
12 (1− κ2(zz¯)m)
(
zm−2ηiαηiβηjβηjα + z¯m−2η¯iαη¯iβ η¯jβ η¯jα
)−
κ2m2(zz¯)m−1
4 (1− κ2(zz¯)m)
(
ηiαηiβ η¯
jαη¯βj + η
α
i ηjαη¯
jβ η¯iβ
)
. (4.42)
9The U(1)-transformation z → eiλz extended to the supersymplectic structure (3.2) looks as follows
z → eiλz, π → e−iλπ, ηiα → eiληiα. (4.43)
It is defined by the generator
J = i (zπ − z¯π¯)− ∂
2h(zz¯)
∂z∂z¯
ηiαη¯iα, h(z, z¯) = zz¯ − κ
2(zz¯)m+1
m+ 1
(4.44)
where h(z, z¯) is the Killing potential for U(1)-isometry.
It is seen that the supercharges (4.42) and the Hamiltonian (4.42) are not invariant under this transformation for
the generic m even for a = 0. It is not surprising, since the third-order tensor f(a)[dz]3 in (4.18) is invariant under
U(1)-transformation z → eiν only for the m = −2, while the one-form (4.22) is not U(1)-invariant at all. Since ηiα
transforms as dz, we conclude that the supercharges and supersymmetric Hamiltonian fail to be U(1)-invariant in
the generic case. Hence, only in the case a = 0,m = −2, corresponding to the bosonic Hamiltonian (4.26) we can
construct the N = 8 supersymmetric extension with the supercharges and Hamiltonian which are invariant under
transformation (4.43).
On the other hand, the Hamiltonian Hκ,m,0, in contrast to supercharges Q(κ,m,0) iα, is invariant under transforma-
tion
z → eiλz, π → e−iλπ, ηiα → ei 2−m4 ληiα. (4.45)
Hence, it commutes with the generator
J˜ = i (zπ − z¯π¯)− ∂
2h(zz¯)
∂z∂z¯
ηiαη¯iα +
m+ 2
4
g(zz¯)ηiαη¯
iα : {J˜ ,Hm,0} = 0, (4.46)
where h(zz¯) is Killing potential (4.44) and g(zz¯) = 1− κ2(zz¯)m is the component of special Kah¨ler metrics (4.16).
V. CONCLUDING REMARKS
In this paper we have constructed the N = 8 supersymmetric mechanics with potential term, whose configuration
space is a special Ka¨hler manifold of the rigid type. We observed that it can be viewed as a complex counterpart of the
recently suggested N = 4 supersymmetric mechanics [1, 5]. Then we constructed the U(1)-invariant one-dimensional
special Ka¨hler manifold and corresponding N = 8 supersymmetric mechanics, including N = 8 supersymmetric
extensions of superintegrable perturbations of deformed two-dimensional oscillator and Coulomb systems considered
in [8] as particular cases. It is an open question whether a N = 8 supersymmetric counterparts of the hidden
symmetries of theese superintegrable systems exist.
Acknowledgments
The authors acknowledge a partial support from the RFBR grant, project No. 18-52-05002 Arm-a (S.K.) and
the grants of the Armenian Committee of Science (A.N., H.S), projects 18RF-002 and 18T-1C106, as well as the
ICTP Network project NT-04. The work of H.S. was fulfilled within the ICTP Affiliated Center Program AF-
04 and the Regional Doctoral Program on Theoretical and Experimental Particle Physics Program sponsored by
VolkswagenStiftung.
[1] N. Kozyrev, S. Krivonos, O. Lechtenfeld, A. Nersessian and A. Sutulin, Curved Witten-Dijkgraaf-Verlinde-Verlinde equa-
tion and N=4 mechanics, Phys. Rev. D 96 (2017) no.10, 101702(R) [arXiv:1710.00884 [hep-th]].
[2] S. Bellucci, S. Krivonos and A. Nersessian, N=8 supersymmetric mechanics on special Kahler manifolds, Phys. Lett. B
605 (2005) 181 [hep-th/0410029].
[3] P. Fre, Lectures on special Kahler geometry and electric - magnetic duality rotations, Nucl. Phys. Proc. Suppl. 45BC
(1996) 59 [hep-th/9512043].
[4] N. Seiberg and E. Witten, Electric - magnetic duality, monopole condensation, and confinement in N=2 supersymmetric
Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 Erratum: [Nucl. Phys. B 430 (1994) 485] [hep-th/9407087].
10
[5] N. Kozyrev, S. Krivonos, O. Lechtenfeld, A. Nersessian and A. Sutulin, N=4 supersymmetric mechanics on curved spaces
Phys. Rev. D 97 (2018) no.8, 085015 [arXiv:1711.08734 [hep-th]].
[6] N. Kozyrev, The curved WDVV equations and superfields, J. Phys. Conf. Ser. 1194 (2019) no.1, 012061 [arXiv:1812.01406
[hep-th]].
[7] . Ballesteros, A. Enciso, F. J. Herranz, O. Ragnisco and D. Riglioni, Quantum mechanics on spaces of nonconstant
curvature: the oscillator problem and superintegrability, Annals Phys. 326 (2011) 2053 [arXiv:1102.5494 [quant-ph]].
[8] . Ballesteros, A. Enciso, F. J. Herranz, O. Ragnisco and D. Riglioni, An exactly solvable deformation of the Coulomb
problem associated with the TaubNUT metric, Annals Phys. 351 (2014) 540 [arXiv:1407.1401 [math-ph]];
[9] E. Witten, On the Structure of the Topological Phase of Two-dimensional Gravity, Nucl. Phys. B 340(1990) 281;
R. Dijkgraaf, H. Verlinde, E. Verlinde, Topological strings in d < 1, Nucl. Phys. B 352(1991) 59.
[10] E. Donets, A. Pashnev, J. Juan Rosales, M. Tsulaia, N = 4 Supersymmetric Multidimensional Quantum Mechanics,
Partial SUSY Breaking and Superconformal Quantum Mechanics , Phys.Rev. D61 (2000) 043512, [hep-th/9907224].
[11] E. A. Ivanov, S. O. Krivonos and V. M. Leviant, Geometric Superfield Approach To Superconformal Mechanics, J. Phys.
A 22 (1989) 4201.
E. A. Ivanov, S. O. Krivonos and A. I. Pashnev, Partial supersymmetry breaking in N=4 supersymmetric quantum
mechanics, Class. Quant. Grav. 8 (1991) 19.
[12] A. Galajinsky, O. Lechtenfeld, K. Polovnikov, N=4 mechanics, WDVV equations and roots, JHEP 0903 (2009 113,
[arXiv:0802.4386[hep-th]];
S. Krivonos, O. Lechtenfeld, K. Polovnikov, N=4 superconformal n-particle mechanics via superspace, Nucl.Phys. B817
(2009) 265, [arXiv:0812.5062[hep-th]];
S. Krivonos, O. Lechtenfeld, Many-particle mechanics with D(2, 1;α) superconformal symmetry, JHEP 1102 (20112)042
[arXiv:1012.4639[hep-th]].
[13] P. W. Higgs, Dynamical symmetries in a spherical geometry. I, J. Phys. A 12(1979) 309;
H. I. Leemon, Dynamical symmetries in a spherical geometry. II, J. Phys. A 12(1979) 489.
[14] N. Wyllard, (Super)conformal many-body quantum mechanics with extended supersymmetry, J. Math. Phys. 41 (2000)
2826, [hep-th/9910160].
[15] T. Hakobyan, O. Lechtenfeld and A. Nersessian, Superintegrability of generalized Calogero models with oscillator or
Coulomb potential, Phys. Rev. D 90 (2014) 101701(R), [arXiv:1409.8288[hep-th]];
F. Correa, T. Hakobyan, O. Lechtenfeld and A. Nersessian, Spherical Calogero model with oscillator/Coulomb potential:
classical case, Phys. Rev. D 93 (2016) no.12, 125008 [arXiv:1604.00026[hep-th]];
[16] C. Grosche, G. S. Pogosyan and A. N. Sissakian, Path Integral Discussion for Smorodinsky-Winternitz Potentials: I. Two-
and Three Dimensional Euclidean Sphere, Fortschritte der Physik 43(1995) 523-563 ;
J. Harnad and O. Yermolayeva, Superintegrability, Lax matrices and separation of variables, CRM Proc. Lect. Notes 37
(2004) 65 [nlin/0303009 [nlin.SI]];
A. Galajinsky, A. Nersessian and A. Saghatelian, Superintegrable models related to near horizon extremal Myers-Perry
black hole in arbitrary dimension, JHEP 1306 (2013) 002, [arXiv:1303.4901[hep-th]];
[17] S. Bellucci and A. Nersessian, A Note on N=4 supersymmetric mechanics on Kahler manifolds, Phys. Rev. D 64 (2001)
021702 [hep-th/0101065].
[18] S. Bellucci, S. Krivonos and A. Shcherbakov, Two-dimensional N=8 supersymmetric mechanics in superspace, Phys. Lett.
B 612 (2005) 283 [hep-th/0502245].
[19] V. I. Arnold, Huygens and Barrow, Newton and Hooke, Birkhauser Verlag Basel, 1990
A. Nersessian, V. Ter-Antonian and M. M. Tsulaia, A Note on quantum Bohlin transformation, Mod. Phys. Lett. A 11
(1996) 1605 [hep-th/9604197].
